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has an almost surely unique solution on [0, 00), all the states of the closed-loop system are bounded in
probability, and the tracking errors can be tuned to arbitrarily small with a tunable exponential converge
rate. The efficiency of the tracking controller is demonstrated by a simulation example.
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1. Introduction

Research on distributed tracking of networked cooperative
systems has attracted much attention in the past two decades
due to their wide practical applications in areas such as large
scale robotic systems (Belta & Kumar, 2002) and biological systems
(Olfati-Saber, 2006). The main task of the distributed tracking is to
drive the states of the followers to converge to those of a time-
varying leader in the circumstance where only a portion of the
followers has access to the leader’s states and the followers have
only local interactions. For this kind of problems, Hu and Hong
(2007) and Zhu and Cheng (2010) consider the case with time-
varying delays in autonomous agents. Hu and Feng (2010), Huang
and Manton (2009) and Ma, Li, and Zhang (2010) consider the case
with noises in communication channels. Hong and Wang (2009)
and Lou, Hong, and Shi (2012) consider the case with switching
topology.
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under the direction of Editor Miroslav Krstic.
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Since all physical systems are nonlinear in nature (Khalil, 2002),
it is necessary and beneficial to study the distributed problem in
a network of nonlinear dynamical systems. Shi and Hong (2009)
consider global target aggregation and state agreement of nonlin-
ear multi-agent systems with switching topologies. Song, Cao, and
Yu (2010) present a pinning control and achieves leader-following
consensus for multi-agent systems described by nonlinear second-
order dynamics. Yu, Chen, and Cao (2011) investigate the consen-
sus issue for the case where the nonlinear intrinsic function is
Lipschitz and the directed network is generalized algebraically
connected. Meng, Lin, and Ren (2013) study the distributed robust
cooperative tracking problem for multiple non-identical second-
order nonlinear systems with bounded external disturbances.

Although some progress has been made towards cooperative
tracking control of nonlinear multi-agent systems, the existing
literature often assumes a simplified system model such as single
integrators or double integrators. Also, there are very few results
considering stochastic noise. This limits the validity of the models,
since stochastic nonlinear systems are ubiquitous in practice. Thus,
it is important for us to consider the distributed tracking problem
of multi-agent systems with stochastic nonlinear dynamics.

In this paper, the distributed tracking problem of high-order
stochastic nonlinear multi-agent systems with inherent nonlinear
drift and diffusion terms is investigated under a directed graph
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topology. By using the algebra graph theory and stochastic analy-
sis method, distributed controllers are designed to ensure that the
tracking error converges to an arbitrarily small pre-given neigh-
borhood of zero. The main contributions of this paper include:

(1) A new distributed integrator backstepping design is proposed.
Different from the traditional integrator backstepping design
method used for the single-agent system (Deng & Krsti¢, 1997;
Krsti¢ & Deng, 1998; Li & Wu, 2013; Li, Xie, & Zhang, 2011; Liu,
Jiang, & Zhang, 2008; Liu, Zhang, & Jiang, 2007), the distributed
tracking control design for nonlinear multi-agent systems
needs to consider the interactions among agents, coupling
terms in dynamics, and the capability on information collection
of each agent and so on, which makes the controller design and
performance analysis of the closed-loop systems much more
difficult, and new design tools and analysis methods should be
introduced.

(2) The systems investigated is high-order, stochastic and with
inherent nonlinear drift and diffusion terms. Most of the
available results about nonlinear multi-agent systems focus on
the dynamics described by single or double integrators (Meng
et al., 2013; Shi & Hong, 2009; Song et al., 2010). Recently,
Zhang and Frank (2012) investigate the cooperative tracking
control of higher-order nonlinear systems with Brunovsky
form, in which the first (M — 1)-dimensional subsystem is
linear and the last 1-dimensional subsystem is nonlinear in
each agent. However, in this paper, for each agent, all the
subsystems are allowed to be nonlinear. Besides, we consider
stochastic noises which makes the system model much more
general and practical.

(3) The distributed controllers are designed to ensure that the
tracking error exponentially converges to an arbitrarily pre-
given small neighborhood of zero. The bound of tracking errors
and the convergence rate can be explicitly given.

The remainder of this paper is organized as follows. Section 2
is on notation. Section 3 is for problem formulation. Section 4
presents a distributed integrator backstepping design method.
Section 5 analyzes the performance properties of the closed-loop
systems. Section 6 gives a numerical example to show the effec-
tiveness of the theoretical results. Section 7 includes some con-
cluding remarks.

2. Notation

The following notation will be used throughout the paper. For a
given vector or matrix X, X’ denotes its transpose. Tr{X} denotes
its trace when X is square, and |X| is the Euclidean norm of a vector
X.Let g = (V, &, A) be a weighted digraph of order n with the set
ofnodes vV = {1, 2, ...,n},setofarcs &€ C V x V, and a weighted
adjacency matrix A = (ajj)nxn With nonnegative elements. (j, i) €
& means that agent j can directly send information to agent i. In
this case, j is called the parent of i, and i is called the child of j.
The set of neighbors of vertex i is denoted by &; = {j € V :
G,i) € & i # jl.a; > 0 if node j is a neighbor of node i
and a; = O otherwise. In this paper, we assume that there is
no self-loop, i.e. a; = 0. Node i is called an isolated node, if it
has neither parent nor child. Node i is called a source if it has no
parents but children. Denote the sets of all sources and isolated
nodes in V by Vs = {j € VIN; = @, ¥ is the empty set}. To avoid
the trivial cases, V — Vs # @ is always assumed in this paper. A
sequence (i, i3), (i2, i3), ..., (ix_1, i) of edges is called a directed
path from node i; to node i. A directed tree is a digraph, where
every node except the root has exactly one parent and the root
is a source. A spanning tree of § is a directed tree whose node
set is 'V and whose edge set is a subset of &. The diagonal matrix
D = diag(ky, k2, ..., ky) is the degree matrix, whose diagonal

elements k; = Zjew,- a;. The Laplacian of a weighted digraph §
isdefinedasL =D — A.

We consider a system consisting of n agents and a leader (la-
beled by 0) which is depicted by a graph § = (V, &), where
v =1{0,1,2,...,n},setofarcs & C V x V.If (0,i) € &, then
0 € . A diagonal matrix B = diag(bq, by, ..., by) is the leader
adjacency matrix associated with §, where b; > 0 if node 0 is a
neighbor of node i; and b; = 0, otherwise.

Definition 1 (Krstic & Deng, 1998). A stochastic process x(t) is said
to be bounded in probability if |x(t)| is bounded in probability
uniformly in t, i.e.,

lim sup P{|x(t)| > c} = 0.
=00 =1y

3. Problem formulation

Consider the following high-order stochastic nonlinear multi-
agent systems (the followers) with inherent nonlinear drift and
diffusion terms described by:

j=l,...,ni—1,

Yi = Xin, (1)
where X; = (Xi1,...,%;))" € R, u; € R, y; € Rare the state, in-
put, output of the ith follower, respectively,i = 1,...,N.w is an

m-dimensional independent standard Wiener process defined on
the complete probability space (§2, F, ¥, P) with a filtration
satisfying the usual conditions (i.e., it is increasing and right con-
tinuous while %, contains all P-null sets). The unknown functions
fij and g;; are smooth with f;;(0) = 0, gj(0) =0, i=1,...,N, j =
], e, NG

The following assumptions are made on system (1).

Assumption 1. The unknown functions f;(x;) and g;(x;) are
bounded by known nonnegative smooth functions. Specifically,
there exist known nonnegative smooth functions f;;(X;;) and g;;(x;)
such that

fiGip)| < fi i), i (xi)| < &ij(X)-

Assumption 2. The leader’s output yo(t) € R and yq(t) are

bounded, and they are only available for the ith follower satisfying
OeN,i=1,...,N.

Assumption 3. The leader is the root of a spanning tree in §.

Remark 1. The assumption on the drift term f;(x;) and diffusion
term g;(x;) is very general,i = 1,...,N,j = 1,...,n; These
terms do not need to satisfy global Lipschitz condition (Li, Ren, Liu,
& Fu, 2013).

Now, we give the definition for distributed practical output
tracking.

Definition 2. The distributed practical output tracking problem
for system (1) is solvable if for any given ¢ > 0, there exists a set
of distributed control laws such that:

(a) all the states of the closed-loop system are bounded in proba-
bility;

(b) for any initial value x(tp), there is a finite-time T (x(ty), €) such
that

Elyi(t) —yo(H)|* <&, Vt>T(x(t), &), i=1,...,N.

The purpose of this paper is to design distributed tracking con-
trollers to solve the distributed practical output tracking problem
for system (1).



W. Li, J.-F. Zhang / Automatica 50 (2014) 3231-3238 3233

4. Distributed integrator backstepping design

In this section, a distributed integrator backstepping design
technique is developed, by which distributed tracking control laws
are designed for system (1).

The following lemma is frequently used throughout the design
process.

Lemma 1. If Assumption 3 holds, then, fori = 1,...,N, d; =
bi —+ le\lzl a;; > 0.

Proof. By Assumption 3 and the definition of spanning tree, one
can get the conclusion easily.

With the help of Lemma 1, we have the following theorem.

Theorem 1. Fori=1,...,N,j=2,...,n;let

N
§n = Zais(yi —¥s) + biyi — yo), &j = x;j — xjj,
s=1

1N
X = —&ij-1pij-1(Aij-1) + i > g, (2)
ts=1

and Vi, = = > 0

7 2 e ,;‘ Then, under Assumptions 1-3 we have

ni—1

LVin < = Y (G = SimDES + EOing1 (Ainy)
j=1

1 N n;
+5sni“i - ggfni Z Qjstls + Z Bss, (3)
! s=1 s=1

wherec; > 0, j = 1,...,n; — 1, are design parameters; §; ,,; > 0
and Bis > O are constants,j = 1,...,m; — 1,s = 1,...,n
Pin,1(Aj ;) is a nonnegative smooth function to be designed later,
Aiqj=(X11,...,XN1,.. ..,XN]‘)T.
Proof. By Assumption 3 and Lemma 1, one can see that (2) is well-
defined.

The proof will be proceeded step by step.

Step 1. We firstly construct a distributed virtual controller x, for
the &;;-subsystem.

From (1)-(2) it follows that

-5 X1, -

N
d&y = (Z ais(Xiz + fin (%) — X2 — fs1(X51))
s=1

N

+bi(xi + fin(xin) — Yo))dt + (Z ais (g1 (Xi1)
s=1

— &s1(Xs1)) + bign(Xn))da)

N
= (dixi + difa i) — Y @iz + i (1)
s=1

N
— bigo )de + (digin(xin) — D augar 061) ) do (4)
s=1

Choosing V;; = %Si‘%, by (4) one can get

2

N
digin(xin) — Y _ Gisge1 (Xs1)

s=1

3
LV < diElxip + 55?1

s=1

N
+&; (difil(xil) —biyo — Z ai&fsl(xsl)>

N
- 5131 Z QjsXs2 . (5)
s=1

By Assumptions 1 and 2, there exist nonnegative smooth functions
pi11(Air) and pj12(A;) such that

N
difia (xi1) — biyo — ) aifir (Xs1)

s=1

N
< dilfin ()| + biljol + Y aislfia (x|
s=1

N
< difi1 (xi1) + bi¢ + Z aisfsr (Xs1)

s=1

= pin(Ain),
2

N
digin(xin) — ) _ Gisge1 (%s1)

s=1

N
< 2|gia (i) > + N Y adlga (xa1)

s=1

N
<248} (xin) + N Y @25 (x1)
s=1
= pir2(Apn), (6)

where ¢ is the bound of yo; Ai7 = (X11,...,%n1)T. By (6) and
Young's inequality in Krsti¢ and Deng (1998) we have

N
&3 <difil —biyo — Z aisfsl) < B + & pina(An),
s=1

2

N
digin — Z Qjsgs1

s=1

3, 4
5‘51'1 < Biz + &1 pi1a(Ai1), (7)

where Bij1; and B;;; are any positive constants; p;13(A;j;) and
pia(Ajp) are nonnegative smooth functions satisfying

3 _ 9 _
piz(Ap) > 1 ABm) '3 ,0;/137 pina(Ain) = Teﬂmlpizlz_

By (5) and (7) one has

N
LV < digixe + &l pns(An) — £7 ) tixa + B, (8)

s=1

where p;15(Ai1) = pins + pia, Bin = Bin1 + Binz-
Thus, if we take

Ci1 + pits(Air) 1
X;'kZ —&n ( ' ('1 ' + E Z QjsXs2
i i s=1

1N
—&npin(Ap) + 7 Z isXs2, (9)

1 s=1
then, by (8) we can get
LV < dig (X — X) + dig Xy + & pins (An)
N
—&1 ) aixo + B
s=1
= —cnk) + digy (% — x5) + Bin, (10)
where c;; > 0is a design parameter.

Step 2. We now construct a distributed virtual controller x}; for
the &;,-subsystem, where &, = (&1, £)7.
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By (1), (2) and (9) one has

_ 1 &
dép = (XB + fio(Xi) — Fip — @ ; ﬂisXs3>df

+ (giz()_‘iZ) - Ga)dw, (11
where
N o N X
0X; 9%x
Fo = 2 (x + fo1) + Yag, 4 Mg
l ; Axs * < 125;1 0Xs2 52 Yo
> 3
+ gs1gk1 + g$2gk2
s k=T,sk 8"513"’“ k= 1#,{ 3X523Xk2
y o Dot
+ g186 + = , | 22,
s,k=1,k#i axSl aX
N N
0x: oxx
Gip = Lgq + 2o (12)
SZI: axS] 5:12,5:#,‘ 8XSZ

Choosing Vi, = Vi + 4512, which together with (10)-(11) implies

LVp < _Cilén + dién (%2 — x;kz) + é;_1'32)(1'3

3 5 = 3., - 2
+&, (fa(x2) — Fp) + 55,-2 |gi2(Xi2) — Gia|
1 N
- 35?2 > ks + P (13)
1 s=1

From (2) and Young’s inequality we have
A& (xip — x5) = di§;) (Siz +&inpin(An) — Z alSXSZ>
di s=1

< Sl + Enpi (An) + Biis (14)

where Ap = (Al X12, ..., xn2)", Bi1 is any positive constant;
81 > 0is a constant, and pjp1(Aj2) is a nonnegative smooth func-
tion.

By (9), (12), Assumptions 1 and 2, there exist nonnegative
smooth functions pi; (Aj) and pjp3(Aj) such that

3
[fi2 — Fi2l < pi2(A2), 3 g2 — Go|* < pio3(Ap). (15)
Thus, by (15) and Young's inequality, it follows that
&3 (f2(Xi2) — F) < Bz + &5y pina(Ai),

3 _
551‘% g2 (Xi2) — Gia|® < Bios + i3 pins (Ai), (16)

where Bi; and B3 are any positive constants; pipp4(Ajz) and
pizs (Ajp) are nonnegative smooth functions.
Substituting (14) and (16) into (13) yields

LV < —(cin — 8p0)E} + Enxis + Enpis(An)

1 N
+ B+ o — 85 ) aixs, (17)
1 s=1
where pi6(Ap) = pi1(Ain) + pi2a(Ap) + pizs(Ai), Bz = Bix1 +
Biz2 + Biz3.

Thus, if we take

§ QisXs3

'sl

X5 = —&p (cp + pis(Ai2)) +

= —&ppn(Ap) + — Z QisXs3,

’sl

then, by (17) we can get
LV < —(ci1 — S} — Cky + &5 (xis —

where ¢;; > 0is a design parameter.

Deductive step. At this step, we aim to construct a distributed
virtual controller x}, , , for the &;-subsystem, where &, = (&1, &,

B slk) .

Assume that at step k — 1, there are a G2, proper and positive
definite Lyapunov function V; x—1(§;x—1) and a set of virtual con-

x5) + Bin + B,

trollers x};, . . ., xj, defined by (2) such that
k—2
L1 < =) (G = Sik-1)E) — Cua1Ehy
j=1
+ E,‘?k Xlk - + Z 5157 (18)

wherec; > 0, j=1,..., k—1,aredesign parameters; §; y_1 s > 0
and Bj, are constants,s = 1,...,k—2,p=1,...,k— 1.Then, at
the kth step, one can choose the following Lyapunov function:

1
Vik = Vig—1 + Zéﬁt- (19)

By (18)-(1
can get

k—1
LV < — Z(Cij -
=1
k
+ Zﬂis -
s=1

where 8;; > 0 and B are constants; pj1(Aj) is a nonnegative
smooth function.
Thus, if we take

9), take a similar proof process as that in (11)-(17), one

Sik )& + EqXikr1 + Enpir (Aie)
1N

Efic Z AisXs k+15 (20)
! s=1

N
E aisxs, k+1

1
X o1 = —&ik (Cik + pir1 (Ai)) + 7

=1
= Elklolk + - Z AisXs k+15
di s=1
then, by (20) we can get
k—1
LV < =Y (G — SiwE — kg
j=1

k
+ Eik (Xikr1 — X ppq) + Z Bis,
s=1
where cj;, > 0 is a design parameter. _
Step n;. We are now in a position to get (3) by analyzing the &; ,,-
subsystem, where & ,, = (&1, &, ..., &in)".
By the definition of V; ,;, similar to (20), one has

nj—1 nj
z N = Z(Cu i,n,-,j)i:i;l + Si?niui + Z ,Bis
s=1
1 N
+ Ei?nipi,ni,l(Ai,ni) - E%ﬁni Z QjsUs, (21)
1 s=1

where ¢; ,, > 0 is a design parameter; 6; ,,; > 0 and B;; > 0 are
constants,j = 1,...,n;— 1,5 = 1,...,n; pin;,1(Ajp) iS a non-
negative smooth function. Thus, the theorem is true.
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Let
1- l¢111 —lalz —law
di d d,
M= : : : . (22)
1 1 1
aam —aam R aaNN

To complete the design of the distributed control laws, the invert-
ibility of the matrix M should be firstly proved in the following
lemma.

Lemma 2. If Assumption 3 holds, then M is an invertible matrix.

Proof. By Assumption 3 and Lemma 1, one has d; > 0 fori =

1, ..., N. From the definition of d; and (22) we have
—1 -
- 0 --- 0
d,
1
— 0
M = d2
1
0 0 —
L dy -
di—a;; —ap —a1N
—an1 —an2 dy — ann
di ! ! (B+D—A)
= diag | —, ..., — —
\d 7 dy

diag 2 LY
= diag( —, ..., — | H,
g4, dy

where H = B + D — A. From Assumption 3, the leader is the root
of a spanning tree in §, which is equivalent to that the leader is
globally reachable in §. By Lemma 4 in Hu and Hong (2007) one
knows H is positive stable, which means that all the eigenvalues of
H have positive real parts. Therefore, H is invertible. This together
with d; > 0 results in the conclusion.

Based on Theorem 1 and Lemma 2, the distributed control laws
are explicitly given in the following theorem.

Theorem 2. Under Assumptions 1-3, if the distributed control laws
are chosen as

uq E1m P,y (A1ny)
= m s (23)
uy ENny ON, iy (AN, ny)

with ¢;j > §; 5, j, then we have

nj

LVin < —CoVin + Zﬂiw (24)
s=1

where ¢ = miNi<i<n i<j<n; 4(Cj — Sinj) > 0,8inn = 0

Pin;(Ain) = Cin; + Pin;,1(Ain)-
Proof. By (23) one has

Uy 51.111/)1,111 (Al,nl)

Uy ENny ON, iy (AN ny)

Uy

+di ! ! Al
14, — e, Y/ . s
8 d] dN )

Un

which yields

1N
Ui = —&in; Pin (Ain) + 4 Zaisus- (25)

T s=1

Substituting (25) into (21) gives (24).

Remark 2. The constructive proof in Theorems 1 and 2 proposes
a new distributed integrator backstepping design method for
nonlinear multi-agent systems for the first time. This design
method can deal with the interactions among agents and coupling
terms in dynamics effectively. One of the differences between
our method and the traditional integrator backstepping technique
is the error function &;; defined in (2). Considering that &;
contains the neighbors’ information, it makes the construction of
X5, X5, ..., u; very difficult. Also, how to deal with the crossing
term dl, Zg; a;sXs; appeared in x;j. is nontrivial work.

5. Performance analysis
For the tracking errors, we have the following results.

Theorem 3. Under Assumptions 1-3 and the distributed control law
(23), the distributed practical output tracking problem for system
(1) is solvable (see Definition 2 for details).

Proof. Defining V = Zf; Vi.n;, by (24) we have
LV < —cV + Bo, (26)

where o = Zi\lzl 151':1 Bis-
By (26) and Theorem 1 in Liu et al. (2007), the closed-loop sys-
tem (1) and (23) has an almost surely unique solution on [0, c0).
Let

X(t) = (Ellﬂ "'7%‘1,n1! ..
m=inf{t : t = to, [x(O)] = 1},

SENT - Evy)
Vi > 0,

and t; = min{n,, t} for all t > t,. Since |x (-)| is bounded in the in-
terval [to, t;] a.s., V() is bounded on [y, t;] a.s. From (26), it can be
obtained that .£V is also bounded on [ty, t;] a.s. By Dynkin formula
in Mao and Yuan (2006) one has

]

E(e®V (x (1)) < eOCEV(x(to)) +E / eV LVds

to
L5}
+COE/ eV (x (s))ds. (27)
to

Note lim;_, », 7y = co. Then, letting | — oo, by (27) we have

t
ETEWV ( () < €MOEV(x(to)) + E / €0 £V

to

t
+coF / eV (x (5))ds,

to

which together with (26) implies

/30 Cot __ @efofo
s

eV EV (x () < eOPEV (x (to)) + —e
Co Co
or equivalently,
EV((0)) < e VR (r(6)) + 2 (1 — e (g
Co

Step 1. We firstly show that for any given ¢ and initial value
X(to), there is a finite-time T (x(ty), €) such that

Elyi(t) —yo(H)|* <&, Vt>T(x(t),€), i=1,...,N.
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Lety = & = (&11, ..., &v1)". By (28) one has

Elg|* = EGh + - +&3)°

< 25(35;11 +eee 5131)
< 8EV
= 8(e 0 VBV (x(t0) + Foy — eolt=)). (29)
Co
From the definition of &;, s = 1, ..., N, it can be seen that

N
&1 = (Zals(yl —¥s) +bi(y1 —yo), ...,
s=1

N

ZaNS(yN —¥s) + bn(yn —}’o))T
s=1
N N
= (Z ais(y1 — Yyo) — Zals(y.s‘ —Yo) +bi(y1 —yo), .- -,
s=1 s=1
N N

>t o) — Y ans O o) + b — )
s= s=1

1
= L+ By — o). (30)
By Assumption 3 and (29)-(30) we have

Ely = Tuyol* = 81+ B)'[*(e BV (x (1))

P et ). (31)
Co
By (31) and the definition of ¢y and By, for any ¢ > 0 and x(tp),
one can find a finite-time T (x(to), €) and choose ¢j;, B, i =1, ...,
N, j=1,...,n;suchthat

Elys(6) —yo(OI* < ¢,

Step 2. We now show that all the states of the closed-loop sys-
tem are bounded in probability.
From (28) one has

vVt > T(x(tp), &), s=1,...,N.

Po

EV(x(t)) < EV(x(tp)) + .

Let £ = x(t) and note that

EV(§) = /IEI V(§)P(dw) = ‘éi&ch(é)P(I%’I > 0). (33)

Then, by (32) and (33) we have

EV (X (to)) + £2

P(l§] > ¢) = |§i|nf 70

)

which together with the definition of V (&) gives

EV (x (to)) + 2

Jlim supP(|§] > ¢) < lim sup inf V()
>C

t>ty C=>00 >ty

(34)

By Definition 1 and (34), £ is bounded in probability. This together
with Assumption 2 and (30) implies y; = x;; is bounded in proba-
bility,i =1,...,N.

From the definition of &;; and (9) we arrive at

1
& = X + Enpn(An) — = Z jsXs2,

1 s=1

which yields
&n X12 Enpn(Aq)
&n X2 &21021(A21)
Ena XN2 En1pon1(An1)
— a a -
1 1 X1
az1 azn
2L g L 2Nk,
— | dy d,
wnoawe | He
L dy dn _
Enpn(Aq) X127
&21021(Az21) X22
= ) +M| .. (35)
En1on1(An1) X2

Notice that &;1, &;; and x;; are bounded in probability, by Lemma 2
and (35) one can conclude that x;; is bounded in probability, i =
1, ..., N. Similarly, one can prove that x;, i = 1,...,N, j =
3, ..., n; are bounded in probability. Therefore, all the states of
the closed-loop system are bounded in probability.

Thus, the theorem is true.

Theorem 4. Assumption 3 is necessary for the solvability of the
distributed practical output tracking problem of the system (1).

Proof. If the leader is not the root of any spanning tree in the di-
graph §, one can find some followers which are not connected to
the leader. For these followers, the tracking errors are not guaran-
teed to be arbitrarily small as the time goes on.

To show this point more clearly, we only prove the case when
g is strong connected. The other cases follow in a similar manner.
In this case, since the leader is not the root of any spanning tree
in the digraph g, one gets B = 0. Therefore, all the followers are
disconnected to the leader and the dynamics of followers’ outputs
yi(t) (i = 1,...,N) have nothing to do with the leader’s output
Yo(t). Then, noting that

Elyi(t) = yo(®OI* = Ellyi(©)] — lyo(0)1%,

with Assumption 2, whether y;(t) is bounded or not eventually, one
can easily find a g > 0 such that

Elyi(t) — yo(D)]* > &0,

By Definition 2, the distributed practical output tracking problem
for system (1) is unsolvable in this case. Therefore, Assumption 3
is necessary for solving the tracking problem.

i=1,...,N.

Remark 3. The bound of tracking errors are explicitly givenin (31),
from which one can find that the bound is related to the topology
of the graph. In fact,

1L+ B) 7' = [hmax (L + BT @+ B (36)

If the topology is undirected, then L + B is a symmetric matrix, and
(36) becomes

IL+B) " 1* = [hmax(L+B) D] = i (L + B

Since Apin (L4 B) shows the connectivity of the graph composed of
the leader and followers, weak connectivity of the graph may lead
tolarge |(L + B) 1|4
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Remark 4. From (28) and (31), the outputs of the followers can
track the dynamic leader’s output y,(t) with an exponential rate.
Specifically, the convergence rate depends on the parameter ¢, =
miny <j<n,1<j<n; 4(Cjj—8i n;,j)- One can choose larger ¢;; to get a faster
convergence rate, at a cost of larger control effort.

Remark 5. For any ¢ > 0and g > 0, by (31) and Chebychev’s
inequality in Mao and Yuan (2006), there exists T > 0 such that
forallt > T,

Ely — 1nyol*
64
8oL+ B)~!* + o
< 0

IA

P{ly — 1n¥ol > &}

<e

= 9

P
where ¢’ can be made small enough by choosing parameters ap-

propriately. Therefore, the asymptotic tracking in probability can
be achieved in some sense.

Remark 6. Let d(t) be an unknown continuous disturbance or pa-
rameter belonging to a known compact set £2 C R°. Consider the
following more general high-order stochastic nonlinear systems of
the form:

dxy = (i + Ry, d(©))de + &Ry, d(0)do,
j:],...,n,-—l,

X = (i + finy Koy A0 + Gy iy, d(0))d,

Yi = Xi1, (37)
where f; and §; are unknown smooth functions bounded by
known nonnegative smooth functions (a same condition presented
by Assumption 1),i=1,...,N,j=1, ..., n;.If Assumptions 2-3
hold, then by repeating the controller design and performance
analysis process above, the solvability of the distributed practical
output tracking problem for system (37) can be shown similarly.

Thus, from this point, the results in this paper have some robust-
ness.

6. A simulation example

Consider the following stochastic nonlinear systems with i = 3:

dxin = (Xip + fir (xi1))dt + gin (xi1)do,
dxpp = (U + fp (Xi2))dt + gpp (Xip)dow,
Yi = Xi1, (38)
where fi;(x11) = X1 sinxqq, g11(X11) = %X}l,flz()_‘lz.) =0,
g11(X12) = X118inXq2, fij(x5) = 0, 8yi(x05) =0, i =2,3,j=1,2
g31(x31) = 0, g31(X32) = X31 COS? X35.

The topology G is described by as; = by = b, = 1,a1; = a3 =
a1 = a3 = az; = b = 0. The leader’s output yo(t) = % sint.
By choosing ¢y = 2, cp =1, 01 =2, cn= 1,031 = 1,030 =
2 in the distributed integrator backstepping design procedure
developed in Section 4, one can get

3

up, = —30(2X11 =+ X1 — sin t),

1 1
U, = =56 =x X — —sint |,
2 (2 21 + X22 P )

9 3
0 = —<§@1+1%—Z«&2+5302+2&ﬁ1—14ﬁn02
1\ 2/3
+ Z) )(X31 + X33 — X21 — X22). (39)
Letting
e =Yi—Yo, i=1,2,3,

Time(Sec)

Fig. 1. The response of closed-loop system (38)-(39).

and randomly, setting the initial values x11(0) = 3, x12(0) = —3,
le(o) = —0.1, Xzz(O) = —04, X31(0) = -3, X32(0) = —0.2, we
obtain Fig. 1, which depicts the response of the closed-loop system
and shows the efficiency of the distributed tracking controller.

7. Concluding remarks

The distributed tracking problem for high-order stochastic non-
linear multi-agent systems with inherent nonlinear drift and dif-
fusion terms is investigated. A distributed integrator backstepping
design technique is developed, by which distributed tracking con-
trollers are designed to guarantee that all the states are bounded
in probability, and the tracking errors can be tuned to arbitrarily
small with a tunable exponential converge rate.

For the distributed control of stochastic nonlinear multi-agent
systems, many important issues are still open and worth investi-
gating, such as the distributed controls in the case where commu-
nication channel is with unknown parameters, quantization error,
etc.
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